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- - - We construct explicit expressions for quantum averages in coherent states for a Hamiltonian of 

' degree 4 with a hyperbolic stagnation point. These expressions are valid for all times and "collapse" 

I (i.e., become infinite) along a discrete sequence of times. We compute quantum corrections compared 

■ to classical expressions. These corrections become significant over a time period of order Clog ^. 



o 
O 
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The central result of this paper is the exactly solvable evolution of quantum averages in coherent state for a 



J> ' Hamiltonian of degree 4 containing a hyperbolic point. We tend to think about this Hamiltonian 

o ■ 
o ■ 

■ as a model one giving a useful insight into the global in time evolution of quantum averages for a more general Taylor 
, expansion around a hyperbolic point, where the explicit expression is hard to obtain. As far as we know this is the 



first explicit computation in the presence of a hyperbolic point (apart from the quadratic case which is classical). 
• General properties of spreading of a quantum wave packet were considered in [1]. In [2] the quantum energy levels 
' were computed, e.g., near a nondegenerate local maximum of a double- well potential (this corresponds to a hyperbolic 
point of the Hamiltonian). 

^ . There are two qualitative conclusions from the solutions we obtained below. First, the quantum corrections near 
• I— I , 

a hyperbolic point become of order 1 over a logarithmic time clog^. This time has appeared in [3]. (See also [4], 
[5].) Second, it turns out, for such a Hamiltonian quantum averages in coherent states do become infinite along a 
certain discrete sequence of times. For example, given the observable , these singularities occur at t = + i j^g^^ , 
£ = 0,±1,±2, .... It is natural to call this phenomenon the "collapse of quantum averages." 

The paper is organized as follows. We start with reviewing the general equation describing the evolution of quantum 
averages in Sections 1, 2. In Section 3 we discuss the case of an elliptic point, which has already appeared in the 
literature [6] , [7] . In Section 4 we derive the explicit expressions for the evolution of quantum averages for the case of 
a hyperbolic point. We discuss the collapse phenomenon in Section 5 and quantum corrections in Section 6. 
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We consider a time independent polynomial Hamiltonian 



H{a[, . . . ,a]v,ai, . . . ,ajv) = ^iJfaal ' • ■■a'j^" al^ ■■■a^N 

Ls (1.1) 

t={li,...,lN)^'^l s = (.si,...,sjv)GZ^ . 



Here the creation and annihilation operators are defined as follows 

= 71 ("'^ " 'a^) ' '^'= = 7l("'= + '^9^) ' ^ = i'---'^' (1.2) 

{a'^.,as\= -Sufi for /c, £ = 1, . . . , A'' . 

The condition 

Ht, = Ht,- s^l^-Ll (1.3) 
ensures that the operator (1.1) is symmetric. Let 

e,s 

then H is the Wick quantization of H. Let the total degree of H be d. 

We remind the definition of the Poisson vectors and the set of coherent states [8] (see also [9]) that we need below. 
Let for a e the Poisson vector be defined as follows: 

$„(a;) = (7r;i)-^/Sxp|-^(a;2-2\/2ar-a + a2)| , a; e M" . (1.4) 

The coherent state is the normalized Poisson vector: 

l«)=exp(-i^)|$«). (1.5) 

For an operator- valued function F{t), the Heisenberg equation describes the evolution of an observable 

F=i[H,F]. (1.6) 

The corresponding averages are defined as follows: 

f{a*,a,t) = {a\F{t)\a) , a e . (1.7) 



In our recent paper [10] we derived a general equation for the averages, extending the earlier results [11], [7]. Here 
we recall the form of the equation for f{a*,a,t) (see eqn. (1.10) in [10]): 

d 



Q-fio:*,a,t) = 



= 1 E s {(I;)' ('>a^)' - ("1;)"} /<°--*) ■ 



(2J) 
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Here r! = M . ..r^\; {^Y = (^)- • • • (^f^)-; (^f = ■ ■ ■ (afe)'^^- 

Clearly, only the terms with 1 < ri H + Vn < d contribute to the sum in (2.1). We make one general remark 

about the initial value problem for (2.1) such that 

f{a*,a,0)= a*"'a'^ ; m,qGZ^ . (2.2) 

It often happens that the coefficients in the Hamiltonian contain certain parameters of nonlinearity, for example, 

He,s = IJ'\e+s\Ge,s (2.3) 

where nj are real, j = 2, . . . ,d; \£ + s\ = \-£n + si-{ \-sn. It is of interest to ask how the solution f{a*,a, t) 

depends on these parameters (and on K). From the general form of the equation (2.1) it is reasonable to expect that 
the solution to (2.1), (2.2) is of the form 

f{a*,a, t) = tf^T (^-^, A<2, /i^^Vs, ?iM4, • • • , Vj, • • • , Vd, • (2-4) 

The explicit form of J- for a general Hamiltonian is not easy to determine. In what follows we discuss two examples 
of nonlinear systems where siich a computation can be made. 

In the sequel we will compare solutions to (2.1)-(2.2) with the solution to Liouville's' equation of classical mechanics 

P.ia%a,t) = (^H(a%a)^ - ^H(a%a) (2.5) 

/ci(a*,a,0) = a*'"a« , m,qeZ^ . (2.6) 
Sometimes more general initial datum ought to be considered. 

3. Elliptic point (See [7], [6].) 

Since this case has been already discussed in literature, we can be brief. Let N = 1, 

n{a*,a)=oj\a\^ +lj\a\'^ , (3.1) 
i.e., H{a) , a) = ua^a + jxa^'^a?. The equation (2.1) takes the form 

|/(a*,a,t) =i(a; + 2M|an [a* - f{a\a,t) + ^^hi^a*^ (a^)'-"' (^)') " ^^'^^ 

The solution to the equation (3.2) with the initial condition 

/(a*,a,0) = a*™a« (3.3) 

has the following form 

/(a*,a,i) = a*-a«e*'^*(™-«)+^^'"''('"('"-i)-«(«-i» gCe^*"'^''"-"*-!)^ . (3.4) 
The solution to Liouville's equation (2.5), (2.6) for the same Hamiltonian (3.1) is 

/ci(a* , a, t) = a""a9e^('^+2/'l«l')(™-9)* . (3.5) 



Assuming \ij.ht\ <C 1; q both of order 1, we get 

f{a*,a,t) = fd{a\a,t){l + ifim{m{m - 1) - q{q - 1) + 0(|/ite|)) 
• exp(-2/i2;if2|^|2(^ _ ^ o{\tx^hH^\ \a\'^)) . 

In particular by the time quantum corrections are of the same order of magnitude as the classical solution. 

4. Hyperbolic point 

Let N = 1, 

H{a\ a) = iw(a+2 - a^) + ix{a+^ - o)^ . (4.1) 
In this section we give an explicit solution to (2.1). The operator (4.1) corresponds to the Wick Hamiltonian 

H{a*,a) = iui{a*'^ - a^) + m(Q!*^ - ot^f - ^IJ.ha*a - 2ij,!f . (4.2) 
this Hamiltonian contains hyperbolic point at the origin with Lyapunov exponents 

A± = ±2^4^237^ ^ 1^1^ < . (4.3) 

For simplicity we consider the initial condition for (2.1) of the form 

f{a*,a,0) = {a\x"\a) , n = 1, 2, 3, . . . . (4.4) 

This corresponds to quantum averages in coherent states of the n-th power of the coordinate operator. 

An arbitrary polynomial in a*, a can be handled by the same method, but the resulting expression is of more 
involved combinatorial structure. 

It will be convenient to introduce the coordinate and the momentum operator 

1 i 
X = —=(a^ + a) , p=—=(a^ — a) (4.5) 

and their evolution according to Heisenberg's equation (1.6) 

X(t) = e^^*ie-*^* , (4.6) 
P{t)=ei"*pe-i"* . (4.7) 

Then X{0) = x, P{0) = p, [X{t), P{t)] = ih. The operator H can be expressed using (4.1), (4.5) as 

H = 2ujxp - iuih + iJ,{2ixp + Hf . (4.8) 

Since [H, xp] =0, it follows that 

X{t) P{t) =xp , i e M . (4.9) 
This obvious remark will be crucial for our computation. We have from (1.6), (4.8), (4.9) 

X{t) = {2uj - Si^X{t)P{t))X{t) = {2uj - Snxp)X{t) (4.10) 

P{t) = (-2w - Siiih + 8)iX{t)P{t))P{t) = i-2uj - Siiih + 8)ixp)P{t) . (4.11) 



Using (4.10), (4.11) and induction in n, we get 

^X"(t) = (2nw - 4nihn{n - 1) - 8n/^ip)X"(t) (4.12) 

4-P"(i) = {-2nu; - Aiiihnin + 1) + d,n^.xp)P'^(t) . (4.13) 
dt 

Prom (4.12), formally 

j^n^^j ^{2nuj — 4:fiihn{n—l) — Sn^xp)t^n 

(4.14) 

^(2nuJ—4fiihn{n—l))t^8innhtx-^^n 

For any entire function G(a;), a; € C we have 

(e^'^jfec) (:c) = G(e*":c) . (4.15) 

But the coherent state \a) is analytic in x, therefore using (4.14), (4.15) 

f{a\a,t) = (a|X"(t)|a) 

= e-^+2a.nt+4^iftn(n+l)t j $;(a;)a;»$^(e8*«A''^*x) dx 

1 / * 2 /"^ 

_ ^ r- ft ^2a.nt+4M»fttn(n+l) / „n --5L[(n_ei6M-fit)a;2_2V2(a*+ae«'""'")x] j„ 

"(7rft)V2^ 

We compute the integral in the right side of (4.16) assuming 

The condition (4.17) will be discussed in detail in the next section; here wc just note that (4.17) implies 
Rc(l + e^^^™'^*) > and the integral in (4.16) is absolutely convergent. Changing variables in (4.16) we arrive 
at the expression 

f{a*,a,t) = 

{-Khyn \^(^lJ^^W^.^nhtY/2 j (4.18) 



g 2h cos 8' 



i-ooV \/^(l + ei6^'"'^*)V2; 



In (4.18) wc choose the branch of the square root so that Re Vl + e^SMin^it > Q. The expression e^''''**"'/Vl + e^^MinW 
because of this condition ought to be interpreted as follows: 

zU+ . (4.19) 



_^ gi6/xifitn ^2 cos 8/ifen ^2| cos8^lhtn\ 

The square bracket in (4.19) stands for the entire part of a real number. In other words, passing through every point 
(4.17) from the left to the right contributes a factor of e'^^^^ to this expression. 
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Therefore, 

f{a*,a,t) 

(cos Sjinhty 



^ (2/c)!(n- 2fc)! ;it-'=(2 cosSn/xfe)?"*^ J.^o ^ ^ ^ 

g 2^ 2fi. cos 8nju/it 

(cos 8^n/it) "T" (4.20) 
/2 n!(2fc - 1)!! , , (a*e-^^"^^* + ae^»"M«)r.-2fc 

^ (2fc)!(n - 2A;)!2fc (cos8nMt)t-'= 



(cos Sfxnht)^ 



— g 2^ 2hcos87i^;it 



2-n/2 'y^' n! fc (ci*e-4'"'''^* + ae^'"'''^*)"-^'^ 



fe=0 



2fefc!(n - 2n)! (cos8/xn/ii)t-fe 



The identity (4.20) is the central result of this paper. 

The explicit form of the equation (2.1) for the Hamiltonian (4.2) is as follows: 

d d 
-f = i [-2iua - 4^(a*^ - a^)a - Afiha*] j—f 



*2 «2\„* 



d 



- i \2iu;a* + 4/x(a*2 - a^)a* - 4ij,ha] —f 
'- ■' oa 



d 



+ ih[-iuj-2,,ia*^-3a')] (^^j / 

/nx2 (4.21) 

Verifying that the expression (4.20) satisfies (4.21) directly, e.g., for n = 1 is a very long computation, but it does 
indeed. 



5. Collapse of quantum averages 

To simplify matters we take n = 2. We have using (4.20) 



•'^ ' ' ^ 2^ (cosl6Mi)'/' 



cos 16 fiht 

We discuss the limit of this expression as t — > — 0. For simplicity let a = i. Since 



1 — i\ „ TT 



we have 



TT 

f(—i,i,t)^OQ as f — > r — 
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But 

/(a*,a,t) = ||xe-^^*|«)||i.(K) . 

The phenomenon we observed is the quantum evolution of coherent states for certain a in our exphcitly integrable 
system may take them out of the domain of the self-adjoint unbounded operator x in L^(M). This happens along a 
discrete sequence 

It is natural to describe it as collapse of certain quantum averages that occurs at these times te. 

6. Quantum corrections in presence of a hyperbolic point 

For simplicity we set n = 1 in (4.20), i.e., 

f{a*,a, t) = {a\X{t)\a) = — e"^^ ^-r-^e ^^^^^ (a*e-4^^'** + ae^^"'^*) . (6.1) 

V2 (cos ojinty I 

We assume as in Section 3 that \iiht\ <C 1. A simple computation leads to the result 

f{a*,a,t) = J_e^^t+iii^t(a- (i + 0{ii^hH^)) 
v2 

X ((a* +a)+ Aifxht{a - a*) + 0{\a\tx^hH^)) (6-2) 
X exp (l6/x2?if>|2 + 0(|a|2|^3^2^3|^^ _ 

It is of interest to note that 

U{a*,a,t) = ^e2'^*+^'''*("'-"*')(a* +a) . 
v2 

Over the time of order , ^ the quantum corrections arc of the same order of magnitude as classical solutions. To 

\M \a\Vh 

measure the deviation of the quantum average from its classical value the most natural quantity is dispersion. We 
will give estimates for 

D{a*,a,t) = {a\X'^{t)\a) - {a\X{t)\af 

which is the dispersion of X{t) in coherent state. It is a purely quantum quantity; the corresponding classical quantity 
made out of solution to the Liouville's equation of classical mechanics vanishes identically. To present the result in a 
simpler way we assume 

\lj,ht\ < 1 , lap > h , n'^ht^\a\ <C 1 . (6.3) 
The main term in the dispersion D{a* ,a,t) under these assumptions is as follows: 

£)(a*,a,i)«e4'"*-«^'^'^*("'-"") (^h + Ai,j.ht{a^ - a*^) + lQ{a* + af n''he\a\''^ . (6.4) 
If we replace (6.3) by 

\lJLht\ < 1 , lap » h , ii^ht^\a\^ » 1 , (6.5) 
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we get the expression 




(6.6) 



Finally, if 



\l^ht\<^l, 64:ii^hf\a\^ f^l 



(6.7) 



we get 



£)(a*,a,i) f« -e4"*+s*^("'-"*'Ha* + a)' [exp(6Vfit2|a|2) _ exp(32/x2?ifV|2)] . 



(6.8) 



It is clear from these expressions that over a logarithmically small time C log ^ the quantum dispersion becomes at 
least of order 1. 



For the polynomial Hamiltonian of degree 4 in ,a with a hyperbolic point at the origin we here obtained the 
explicit formulae for quantum averages in coherent states valid for all times. Quantum corrections for averages become 
significant already on a logarithmically small time (in h). The quantum averages for simple observables, such as f", 
blow up along a discrete sequence of times for this Hamiltonian. 
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